Abstract. We show a method to determine topological complexity from the fibrewise view point, which provides an alternative proof for tc(K) = 4, where K denotes Klein bottle.
Introduction
The topological complexity is introduced in [Far03] by M. Farber for a space X and is denoted by TC(X):
TC(X) is the minimal number m ≥ 1 such that X×X is covered by m open subsets U i (1 ≤ i ≤ m), each of which admits a continuous section s i : U i → P(X) = {u : [0, 1] → X} for the fibration ̟ : P(X) → X×X given by u → (u(0), u(1)). Similarly, the monoidal topological complexity of X denoted by TC M (X) is the minimal number m ≥ 1 such that X×X is covered by m open subsets U i ⊃ ∆X (1 ≤ i ≤ m), each of which admits a section s i : U i → P(X) of ̟ : P(X) → X×X such that s i (x, x) is the constant path at x for any (x, x) ∈ U i ∩ ∆X. In this paper, we denote tc(X) = TC(X)−1 and tc M (X) = TC M (X)−1.
Let E = (E, B; p, s) be a fibrewise pointed space, i.e, p : E → B is a fibrewise space with a section (id E ) = cat * B (E) (see [IS10] ). Then by definition,
(E) for a fibrewise pointed space E, and cat
In [IS10] , the m-th fibrewise projective space P m B Ω B E of the fibrewise loop space Ω B (E) is introduced with a natural map e E m : P m B Ω B E → E. Using them, we characterise some numerical invariants: firstly, the fibrewise cup-length cup B (E; h) is max m≥0 ∃ {u1,···,um}⊂H * (E,s(B)) u 1 · · ·u m = 0 . Secondly, the fibrewise categorical weight wgt B (E; h) is the smallest number m such that e [FH92] . We obtain the following.
Proof. Let cat * B (E) = m. Then there is a covering of E with m+1 open subsets {U i 0 ≤ i ≤ m} such that each U i can be compressed into s(B) ⊂ E. So, there is an unpointed fibrewise homotopy of id : E → E to a map
, which gives an unpointed fibrewise compression of the fibrewise diagonal
E into the fibrewise fat wedge
E. Since a continuous construction on a space can be extended on a cell-wise trivial fibrewise space by [IS08] , the fibrewise projective m-space P , we obtain the theorem.
From now on, we assume that (E, B; p, s) is given by E = X×X, B = X, p = proj 1 : X×X → X and s = ∆ : X → X×X the diagonal map, and so we have cat * B (E) = tc(X) and cat
Hence we obtain the following by Theorem 1.1.
If h is the ordinary cohomology with coefficients in a ring R, we write cup B (E; h), wgt B (E; h) and
Mwgt(E; h) as cup B (E; R), wgt B (E; R) and Mwgt(E; R), respectively. We might disregard R later in this paper, if R = F 2 the prime field of characteristic 2.
As an application, we give an alternative proof of a result recently announced by several authors. Let K q be the non-orientable closed surface of genus q ≥ 1, and denote K = K 2 .
Fibrewise Resolution of Klein Bottle
with one 0-cell * , q 1-cells b, b 1 , . . . , b q−1 and one 2-cell σ q .
, which is either 0 or 1, to obtain
We know the multiplication of π 2 1 = π 0 (ΩK 2 ) is inherited from the loop addition. Hence the natural equivalence ΩK 2 → π 2 1 is an A ∞ -map, since a discrete group has no non-trivial A ∞ -structure on a given multiplication.
Let E q = (E q , B q ; p q , s q ) be the fibrewise pointed space, where 
is the centralizer of g, which is the same as
whose restriction to the fibre on a is the natural map : Ω(K, a) → π 1 (K, a) . Moreover, the restriction of Ω B p to each fibre is a pointed homotopy equivalence since K is a K(π, 1) space. Then by Dold [Dol55] , Ω B p : Ω B E → K is a fibrewise homotopy equivalence.
Here, since the section : K → Ω Firstly, the cell structure of K is given as follows: let Λ 0 = { * }, Λ 1 = {a, b}, Λ 2 = {σ}.
From now on, e k η will be denoted by [η] for η ∈ Λ k , which is in the chain group ZΛ = Z{ * , a, b, σ},
The boundary of [η] for η ∈ Λ k is expressed in ZΛ as follows:
, ∂ * = 0, ∂a = 0, ∂b = 0 and ∂σ = 2a, Secondly, P m π is a ∆-complex in the sense of Hatcher [Hat02] :
In this paper, e n ω will be denoted by [ω] or [g 1 | · · · |g n ] for ω = (g 1 , . . . , g n ) which is in the chain group
Zπ n . The boundary of [ω] is expressed as follows:
. . , g n−1 ), i = n, which coincides with the chain complex of m-th filtration of the bar resolution of π. . . , g n )τ = (τ g 1 τ, . . . ,τ g n τ ). To observe this, let us look at the end point of τ , where the fibre lies: A 1-cell τ is a path τ : I = [0, 1] → K which has a lift to a path
), where we denote
[a|{ω}]
[b|{aωā}]
[b|{ω}]
[σ|{ω}] 
In this paper, e n+k (η;ω) will be denoted by [η|{ω}] Hence the boundary formula of a ∆ cell of P m B K in the chain group modulo 2 is given as follows, where we denote m = (p) n if m is equal to n modulo p for m, n ∈ Z and p ≥ 2.
Proposition 2.2.
(
and ω ∈ π n , where we
for ω ∈ π n , where we denote
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, where x, y are dual to
[a], [b] , respectively, the generators of
We regard x and y are in Z 1 (P ∞ π) and
and we have
By definition of a cup product in a chain complex, we obtain the following equality:
where we denote x| P m π , y| P m π and z| P m π again by x, y and z, respectively. Proof. Since P m π is the m-skeleton of P ∞ π, the pair (P ∞ π, P m π) is m-connected, and so is the fibrewise
It implies the proposition.
By Proposition 3.1 (1), we can easily see the following propostion.
Proposition 3.2. The cocycle z represents the generator of H 2 (P m π) ∼ = F 2 for m ≥ 3.
Associated with the filtration
) the cohomology with local coefficients.
From now on, we denote α = (a
we obtain a function (f ({k i }, ℓ for ℓ ∈ Z, since ε(ℓ) = 0
Firstly, let us introduce a numerical function given by the floor function.
Then we have t(0) = 0 and we obtain the following.
t(m)+t(n)+mn+ℓ, for m, n, ℓ ∈ Z.
Proof. This proposition can be obtained by strait-forward calculations, and so we left it to the reader.
Corollary 3.5.
(k 1 t(k 2 ))[∂ω] = k 2 t(k 3 )+(k 1 +k 2 )t(k 3 )+k 1 t(k 2 +k 3 +2ε(ℓ 2 )k 3 )+k 1 t(k 2 ) = k 1 (ℓ 2 +k 2 )k 3 .
Secondly, we introduce an element u ∈ C 3 (P k 1 (t(k 2 )+t(k 2 +2ε(ℓ 2 )))ℓ 3 k 3 + k 1 (ℓ 2 k 3 +k 2 ℓ 3 +k 2 )(t(k 3 )+t(k 3 +2ε(ℓ 3 ))) + 0 =
k 1 ε(ℓ 2 )ℓ 3 k 3 + k 1 (ℓ 2 k 3 +k 2 ℓ 3 +k 2 )ε(ℓ 3 ) = k 1 (t(k 2 )+t(−k 2 ))ℓ 3 k 3 + k 1 (ℓ 2 k 3 +k 2 ℓ 3 +k 2 )(t(k 3 )+t(−k 3 )) + (k 1 t(k 2 ))[∂ω] =
k 1 k 2 ℓ 3 k 3 + k 1 (ℓ 2 k 3 +k 2 ℓ 3 +k 2 )k 3 + k 1 (ℓ 2 +k 2 )k 3 = Thus we obtain that δu =
w in C * (P
